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SUMMARY

In this paper a new approach to calculate transonic flows is developed. A set of full-potential-equivalent
equations in the von Mises co-ordinate system is formulated under the irrotationality and isentropic
assumptions. The emphasis is placed on supercritical flow, in which the treatment of embedded shock waves
is crucial to get convergent solutions. Shock jump conditions are employed and shock point operators
(SPOs) are constructed in the body-fitting streamline co-ordinate system. SPOs and a type-dependent
difference scheme are applied to solve the ‘main’ equation for the ‘main’ variable, the streamline ordinate y.
A number of ‘secondary’ equations are deduced for the corresponding ‘secondary’ variables. An optimal
combination for the ‘secondary’ variable, its equation and related difference scheme is selected to be the
generalized density R, its linear equation and the Crank—Nicolson scheme. Numerical results show that the
present approach gives good agreement with experimental data and other computational work for
NACAOQ0012 and biconvex aerofoils in both subcritical and supercritical ranges.
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1. INTRODUCTION

Transonic flows are very often encountered in compressible flows, such as the flows around
aerofoils, wings, through nozzle throats, cascade blades or past blunt bodies, etc. Thus, in the past
two decades, transonic flow computation has been an upsurging topic for CFD workers in the
aeronautical and applied mathematical communities. The history of its development may be
broken down into three stages.

TSD stage. In 1971 Murman and Cole! first developed a type-dependent finite difference
relaxation method and successfully solved the mixed-type transonic small-disturbance (TSD)
equation. Subsequently Murman and Krupp? and Murman? improved the scheme, analysed the
shock jump conditions and proposed the concept of shock point operator. After that there were
many advances on the TSD equation (see e.g. References 4 and 5).

FP stage. In 1974 Jameson® extended Murman’s® scheme and constructed his rotated differ-
ence scheme to solve the full-potential (FP) equation in the transonic regime. Since then transonic
full-potential calculations have been developed considerably.”1°

Euler stage. In the early 1970s Magnus and Yoshihara!! solved the Euler equations in the
transonic range. However, the computer time was too much for the method to be useful. After
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1976 many other researchers'?™'¢ attempted to solve the steady Euler equations by seeking the
time-asymptotic solution of the unsteady Euler equations. The approach is now referred to as
a time-dependent technique. On the other hand, quite a few researchers attacked the Euler
equations from another side, namely the streamfunction—vorticity formulation, and solved it as
an alternative to the steady Euler equations.'”"2°

In general, Euler solvers are more accurate, but more complicated and consume more
computer time than the full-potential solvers. Therefore, in spite of the recent active efforts on
Euler solvers, the full-potential calculations are still more attractive and widely used in practical
transonic computation owing to their simplicity, efficiency and accuracy. The purpose of this
paper is to report some transonic calculations at the FP stage.

The von Mises transformation is a classical transformation in fluid mechanics. After the
transformation the co-ordinates become body-fitting ones and it is easy to obtain streamlines, so
this transformation is especially convenient for aerodynamic design problems. Moreover, some
boundary conditions after the transformation are Dirichlet-type, which is believed to provide
a faster convergence rate for an iterative solution process.

Barron?! connected Martin’s approach?? with the von Mises transformation and successfully
solved the resulting elliptic equation to simulate the incompressible potential flow past an
aerofoil. Later on?* 2* Barron’s method?! was extended to compressible flow with some promis-
ing results, especially for subcritical transonic flows.

In this paper a new approach to calculate transonic flows is developed. Emphasis is placed on
the supercritical case, in which the treatment of an embedded supersonic pocket, partly bounded
by a shock wave, is crucial to get acceptable convergent solutions.

Starting from the 2D steady Euler equations, through the introduction of the streamfunction
and the von Mises transformation, a set of Euler-equivalent equations in the von Mises
co-ordinate system is deduced. With the assumptions of irrotationality and the isentropic
condition, a number of sets of full-potential-equivalent equations are formulated.

In each set of equations the ‘main’ equation is a second-order, non-linear partial differential
equation for a ‘main’ geometric variable, namely the streamline ordinate y, as a function of
abscissa x and streamfunction . This ‘main’ equation has Dirichlet boundary conditions (for the
analysis problem) and is coupled with one of the following ‘secondary’ variables: density p,
generalized density R, squared Mach number M?, x-velocity component u or reciprocal of
density ¢. All these ‘secondary’ variables as functions of x and  are solved using a corresponding
‘secondary’ equation of the proper set.

To get a numerical solution of the ‘main’ equation which is mathematically and physically
consistent and well-classified, Murman and Cole’s type-dependent scheme’ is applied. To handle
the embedded shock wave properly, a shock jump condition and a shock point operator (SPO) in
von Mises co-ordinates are deduced using Murman’s® ideas as a guide.

The ‘secondary’ equations are either first-order partial differential equations or first-order
ordinary differential equations for the corresponding ‘secondary’ variables. Various difference
schemes have been tested, including explicit, implicit, Crank—Nicolson, type-dependent and
type-dependent with SPO, to solve the ‘secondary’ equation. The optimal ‘secondary’ variable,
equation and scheme are selected after some computer experimentation. Generalized density R,
its linear equation and the Crank—Nicolson scheme are recommended as the optimai combina-
tion.

The computed results from the recommended combination are compared with experimental
data and other computations. Some discussion, suggestion and concluding remarks are given at
the end of this paper.
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2. MATHEMATICAL FORMULATION

2.1. Euler-equivalent equations

The governing equations of 2D, steady, inviscid flows are the Euler equations

pu pv
2
L I A ) (1a)
puv pv°+p
puH /. pvH /,
2 2
_ Y B u-+v , (lb)
y=1p 2

where p is the density, u and v are the velocity components in the x- and y-directions respectively,
p is the pressure, H is the total enthalpy per unit mass and y is the ratio of specific heats. The
dependent variables are normalized by the freestream density p,,, speed ¢,, and dynamic pressure
head p,, g2 . The independent variables x and y are scaled by a characteristic length, e.g. the chord
length of the aerofoil.

Introducing the streamfunction § such that

'//yzpu9 l//x= —pv (2
and substituting (2) into (1), one gets
vilp+p =¥y /p
lpyH x _!//xH y
v P Vi
H_y_1 p+—2p2 . (3b)

The first component equation in (la), the continuity equation, is satisfied automatically by
introduction of the streamfunction. Thus only three equations are left, with three unknowns
¥, p and p.

If we interchange the roles of dependent variable ¢ and independent variable y and keep the
role of independent variable x invariant, then we have in fact introduced the von Mises
transformation:

o=x, y=y(x,) or x=¢, y=y(, ). “
The Jacobian of the transformation is
a(x, y)
= = 5
e, ©
and the differential operators are
o 0 0 i) 0
a_%-}-nﬁ,w and é—§=t//ya— when ¢ =x. (6)
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Acting (6) on y gives
) 1
¢x= T ‘// = (7)
Yy s

Thus the differential operators become

—= . = 8
ox 0¢ y, 00 By y, 00 ®
Using (7) and (8) in (3) and simplifying, one gets

1/pyy+pyy —DPYe

Yol PYy + p =0, (9a)
H . 0/,

7 P, 14y
=t P, T 9b
y—1p 2p%y; b

where ¢ =x.

The third equation in (9a), H,=0, means that the total enthalpy H is invariant along
a streamline. For a flow problem with uniform freestream the total enthalpy H is also invariant
along a line other than a streamline in the freestream. Therefore H = constant throughout the flow
field. This is the isoenergetic or homoenergetic assumption made by most Euler solver researchers.
The constant can be evaluated at the freestream condition as

1 1 1
H=H,=—— 5+ 10
J1ME T2 (10)

Finally, for 2D, steady, inviscid flows the governing Euler-equivalent equations in the von Mises

co-ordinate system are

1

—+y p) — (y=P)y =0, (11a)
<PYW v A YxDly

( y") +py=0, (11b)

pytlvx

y p,1+yi

S o =H,. (11c)
y—1p 2p%y;

Equations (11a) and (11b) are x-momentum and y-momentum equations respectively and the
energy equation is replaced by an algebraic equation (11c) for p and p. These three equations
contain three unknowns, ie. density p, pressure p and streamline ordinate y, as functions of
abscissa x and streamfunction .

2.2. Full-potential-equivalent equations

The Euler-equivalent equations (11) are not easy to solve even though they are kept in
conservative form and the energy equation has been simplified to an algebraic equation via the
homoenergetic assumption. However, for many practical transonic problems the flow can be
assumed irrotational and isentropic. In this case the irrotationality condition

w=v,—u,=0 (12)
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and the isentropic relation
p=p"/yM% (13)
can be introduced.
Using the von Mises transformation, (12) becomes
(ywv)x_(yxv+ u)w =0.
From (2) and (7),

b —%=yx (note that ¢ =x),
u 17
so the irrotationality condition becomes
edye—L(1+y3)ul, =0 (14)
or

1 2
<&> —( +y"> =0, (15)
PJx PYy Jy
where puy, =1 has been employed.

Therefore a set of so-called full-potential-equivalent equations in the von Mises co-ordinate
system is composed of the x-momentum equation (11a), the y-momentum equation (11b), the
isentropic relation (13) and the irrotationality condition (15).

To simplify the formulation further, let us differentiate the isentropic relation (13) w.r.t. x and y:

y-1 y-1

px=M_£px, psz_épw' (16)
Substituting (16) into (11a), the x-momentum equation becomes
- 207 )Py 2 e 17
.wa'*')’w()’w M2 P VxYy MZp an
Similarly, the y-momentum equation (11b) becomes
Px . 2Pl py
xx — IxVxy T Ix —+ —=0. 18
Y Yox = Ya¥ou = ¥xbu ™ " H Yy Ty (18)
The irrotationality condition (15) itself gives
22 14 y2)yp0— 193 Z 4y (1 +y2) 22 =0 19
Yo Yex—2Vs Yo Yxp H (1Y) Yoy — Ye¥y p +yy(1+y3) P (19

after expansion.

Proper combinations of these three equations (17)—(19) produce a number of sets of equations
which can be used to solve for y and p. For example, solving for p,/p and p,/p from (17) and (18),
plugging them into (19) and simplifying the resulting equation, one gets

(73— K)Yex =29 Yy Yey + (1 + D) yyy =0, (20)
where
K=Mg/p"" (20b)

is referred to as the ‘compressibility parameter’. Eliminating the y, ,-term from (17) and (18), one
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gets
Yy (P )=y (1+y2) (P )y =(r + 1) My (21)
and equation (17) itself can be rewritten as
MZ
Yy (yi—p—m> (0" D= yeVi (P )y =y + DMZ yry. (22)
Substituting y,, in (21) and y,, in (22) into (19) gives
M M 1+y} 1+y3
Px (yi—pm) (P )+ vy ((l—y,%)—py+1 o (P’ )y=(r+1)M3 7 (23)

The ‘main’ equation (20) is a second-order non-linear partial differential equation for the
streamline ordinate y, and it is coupled with another unknown, the density p. The type of this
‘main’ equation is mixed depending on the local flow behaviour. In fact, the discriminant of
equation (20) is

A=4yl(M?-1), (24)
where the squared local Mach number is

M2 1+y2

Hence, if the local flow is supersonic, then M*>1 and A>0, so that equation (20) must be
hyperbolic. In contrast, if the local flow is subsonic, equation (20) is elliptic. In other words, the
mathematical classification of equation (20) is consistent with the physical meaning of the flow.
This significant property of the equation for y creates the possibility of applying the type-
dependent difference scheme originally developed by Murman and Cole! for TSD problems.

It should be mentioned that equation (20) was first obtained and classified by Naeem and
Barron.2* Dulikravich?3 also got a similar equation to (20) with a different-scaled compressibility
parameter. If K—0, then equation (20) reduces to the incompressible flow equation

J’fzyxx—z)’x,"wyxw**’(l+.V;2‘),Vw=0- (26)

This equation was obtained by Barron.?! Greywall?® deduced the same equation by a different
method.

In order to find a proper ‘secondary’ equation to solve for the ‘secondary’ variable p, any of the
above three equations (21)—(23) can be chosen to construct a complete set of equations. However,
to simplify the formulation, define the generalized density

R=p""% 27
Then equations (20)—(23) and (25) become
(V5= K)Yex— 2050y yxy + (1 +33) yyy =0, (28a)
where
K=MZ2/R, (28b)
YeViRe=yy (L+ yDRy = (7 + D) MZ Y, (29)

M2
Yo <Y$—T> R.—y.yiRy=(y+ HYM2 y,y, (30)
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M2> < MZ 1+y2> 1+y2
2 ® 2 2 w X 2 x
Vel Vo—— JReH Yy | 1=yi—— Ry=(+D)Mg ——= yyy» (31)
M2 1+y?
M?=—= =3 (32)
Ry
Equation (29) can also be rewritten in the ‘conservative’ form
1+y2 Yex
(yxR)x_< R) =(y+2M: = 33)
Yy v Yy

All the above ‘secondary’ equations (29)—(31) and (33) are first-order partial differential
equations and can be solved for the ‘secondary’ variable R. However, only equation (29) seems to
be the simplest one because it is linear. Thus why do we not choose it first to solve for R?
Equation (29) can be solved (marched) from an initial data line other than its characteristic curve
as long as y and its derivatives are known. In fact, the slope of the characteristics of equation (29)
is

dy _ 1+y2
dx VYo

At infinity, y,—0 and y,— 1, so dyr/dx— co. Thus both the left and right boundaries at infinity are
characteristic curves and therefore cannot serve as initial data lines. Fortunately, the horizontal
boundary at infinity meets the requirement of such an initial line. Hence we can march (29) to the
aerofoil from the top boundary for the upper half-plane and from the bottom boundary for the
lower half-plane.

The boundary conditions for the ‘main’ equation (28) are very simple Dirichlet ones. For
a symmetric aerofoil at zero incidence,

(34)

y=f(x) on the aerofoil, (35a)
y=y at infinity, (35b)
y=0 on the symmetry line, (35c¢)

where f(x) is the shape function of the aerofoil. For the ‘secondary’ equation (29), both initial and
boundary conditions are

R=1 at infinity. (36)

2.3. Alternative ‘secondary’ equations

Apart from equations (29)—(31) and (33), a number of other ‘secondary’ equations can be found
to solve for the corresponding ‘secondary’ variables. For example, if we eliminate the R-term
from (29) and (30), we can get a first-order ordinary differential equation for R:

y+1 2<M£l+y§ )‘1<1+y§>
R,=—MZi|— -1 . 37
2 Ry} v Js 47
Similarly, eliminating the R,-term from (30) and (31), we have
y+1 2<M£1+y§ )“(Hyi)
R,=—/M2| > -1 . 38
) Ry} i Jv 9

It is interesting that (37) and (38) are astonishingly similar and symmetric.
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At a shock wave it is better to replace (37) by the Rankine-Hugoniot relation

1+ A+yH) V™
RT=| |t
[R (2(7— DH.y} &9
where the superscripts ‘+’ and ‘—’ represent the downstream and upstream sides of the shock

wave respectively.

Equation (37) accompanied by (39) and equation (38) can be marched along the x- and
y-directions step-by-step.

Furthermore, if we differentiate (29) w.r.t. ¥ and (30) w.r.t. x and subtract them to eliminate
third-order y-derivatives y., . and y.,., we can get a second-order, but non-homogeneous, partial
differential equation for R with the same differential operator as in the y-equation (28):

MZ
<y$—_R‘>Rxx—2yxwaxw+(l+Y£)wa=G, (403‘)
where
M2 14y2 1+y2
Derde—| v vi—=2 25} ey e— D1y} | —22
R
G=')’+1 M2 x Y x yw '
2 ® )

M2 1+y?
Yy (J ;1
Ry
The boundary condition for R on the aerofoil is

R = [1+‘}’_?_1_ Mz <1 l+f’2(x) )](yﬂ)/(y_l{ (41)

2 _RZ/‘V“’y,ﬁ

(40b)

We can see that both differential equation (40) and boundary condition (41) are non-linear.
All the above R-equations (37), (38) and (40) can be used as ‘secondary’ equations to solve for
R to update the compressibility parameter K=MZ2/R in the ‘main’ equation (28).
On the other hand, using the R—M ? relation (32) in equation (37), we get a first-order ordinary
differential equation for M %:

1-M? Vi
However, at a shock wave equation (42) should be replaced by the Rankine—-Hugoniot relation
+_ 1+ —=1)/2] (M?)”

(MH)* = — . 43)
(M) —(y=1)/2
Accordingly, the compressibility parameter in equations (28) should be expressed as
2 Ve
K=M?*—",
M T+ (44)

Superficially, this set of equations seems to be a good formulation, but it is too early to conclude
its success before performing some computations.

Next we will just list some of the other alternative sets of full-potential-equivalent equations for
reference without giving any derivations. In each set the ‘main’ equation for y takes the form of



TRANSONIC FULL-POTENTIAL-EQUIVALENT EQUATIONS 933
(28) and the compressibility K takes different forms in different sets:

~

K=M3/p""!, (45a)
py+1 py+1
y-p set < y§ <y$ﬁ2——1+(v—l)y§>px—yxyw <y$W+(v—l)(1+yi)>p,,
2 a2 L 22} o+ Z 492 03)y |o=0; asb
_T yw(yx)x+ Tl_ Vx yw)x+ ( +yx)(ydl)dl pP=VY,; ( )
L Y Yy
(K=M2g"*}, (462)
1 2
y-o set < (yxo)x—< ka2 a) =0, (46b)
Yy v
Lo=1/p; (46¢)
{K=M£y3,“u7“, (47a)
y—u set )
(eyyt)e—[u(1+y3)1y=0; (47b)
K=M2/p"*, (48a)
y-t=p set < (yeyyw)e— (1 +y2)uly =0, (48b)
y—1 -1
p=<1+—2— M2[1-(1 +y,2,)u2]> : (48¢)

-

It can be pointed out that although these formulations are theoretically rational, the computer
calculations may fail to give acceptable results. However, it is difficult to undergo the tedious and
time-consuming work of running all possible combinations of these sets of equations with various
schemes and relaxation parameters on a computer. Thus we have to select an optimal combina-
tion of a ‘best’ secondary variable, a ‘best’ secondary equation and a ‘best’ difference scheme.
Regardless, it is natural and logical to choose the simplest set of equations (28) and (29) to first
attack the problem.

3. NUMERICAL ALGORITHM

3.1. Type-dependent scheme

Because equation (28) is conveniently classified to hyperbolic or elliptic type depending on the
local supersonic or subsonic flow properties, it is permissible to apply Murman and Cole’s
type-dependent scheme to solve (28) for y as long as R is known.



934 C.-F. AN AND R. M. BARRON

Equation (28) can be rewritten as

Ay Yex+ Az Yey + A3Y44 =0, (49a)
where
A =yi-K, K=M2/R, (49b)
Ay= =2y ¥y, (49c¢)
Ay=1+y2. (49d)
The type-dependent scheme reads
{A VAL +(1 =WV Ve + A [vo, + (1 =)V 18y + A3 04y} i =0, (50a)

where A, V and § are forward, backward and central difference operators and

1 if local flow is subsonic,
v= . . . (50b)
0 if local flow is supersonic,
is a switch parameter.
Expanding (50a) and rearranging the terms, one gets
A_Vi,j—1+B.Vi,j+CYi,j+1=RHS, l=2, 3,...,Imax_1, j=2, 3,...,Jmax_1 (Sla)
where
1—v Ax
A=p%A;— A, =—, 51b
Pas——3 B4 =gy (51b)
B=—2B%4;+(1-3v) A4, (51¢)
2 1—v
C=Bas+ =" ps, (51d)
RHS= —vA (yis1,j+yio1. )+ (1 =V A1 Qyi-y,j— Vi-2.))
v
2 BA2(Yi+1.j+1—Vitr.j-1 —Vi-1.j+1 +Vi-1,j~1)
1—v
+‘2_ﬂA2(yi—1,j+1 —Yi-1,j-1) (Sle)
From (35) the boundary conditions are
_fl) i ip<i<ire, 5
“1700 if i<ipg or i>irg, (52a)
Vi,j=V; i i=10r Iyay OF j=Jpmax. (52b)

The system of difference equations (51) with boundary conditions (52) has a tridiagonal
coefficient matrix, so the successive line overrelaxation (SLOR) procedure can be used. Along
a vertical i fixed line, system (51) is relaxed and then a sweep from left to right is made. A simple
tridiagonal solver is available to use, but an iterative procedure has to be applied owing to the
non-linearity of the equations. The stencils of the type-dependent schemes and boundary
conditions are shown in Figure 1.
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¥
Relax Sweep
Y=y
M<1?
N ~~
)
Y
(¥2-K)y__-2 +(14y2) 0 -
y=¢ =K =2V 3 Y Y xy Y Yy = y=¢ !
V=1
e
/‘>1
/
1
y=0 N ~—— y=0 x
y=£(x) i
b
V=0

Figure 1. Type-dependent scheme and boundary conditions for y-equation

3.2. Crank—Nicolson scheme

As mentioned earlier, after y(x, i) has been solved from the ‘main’ equation and y,, yy and y,,
have been properly differenced from y, the ‘secondary’ equation (29) can be solved for R(x, y) by
marching from the horizontal far-field boundary to the aerofoil.

Equation (29) can be rewritten as

B;R.+B,R,=B;, (53a)
where
By =Y.y, (53b)
B,= —,Vw(l"‘)’:zc), (53¢)
By=(y+ M2y, (53d)

The Crank—Nicolson difference scheme is an implicit, second-order-accurate and uncondi-
tionally stable difference scheme. Applying it to equation (53a) at point (i, j+1) gives

Rij+1—R;;
+B, ”*Alw ) = B,.

Evaluating each variable at level j +% by the average on levels j and j+ 1, one gets

~ ~ ~ e
ARi—l.j+BRi,j+C RH.I,J':RHS, jz‘lmax-‘l""!}’z’ 1, i=2’3"--5lmax-l (543)

Ri+l,j+1/2 —Ri-l,j+1/2

B
! 2Ax

where

A=-B,, (54b)
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~ Ax
B=—-4§B,, =— 4
BB b=3; (540)
C=B,, (54d)
Vo g ~ ~ ~
RHS=C Ri‘l.j+1 +B Ri'j+1+A Ri+1,j+1 +4AXB3, (546)
B1=%[(ny|12;)i.j+(nydz/)i.jﬂ], (54f)
Bz=—%{D’w(l‘*'yazc)]i.j‘f'[)’w(l+,V:2c)]i.j+1}, (54g)
+1
By="" M2 [+ (eadisjor ) (54h)

2

The system of difference equations (54) can be solved line-by-line horizontally from the far-field
boundary to the aerofoil using SLOR with a tridiagonal solver, but no iterative procedure is
needed at this stage owing to its linearity. The difference scheme stencil and boundary conditions
are shown in Figure 2. The following points should be emphasized.

()

(i)

The coefficient matrix of the system (54) is diagonally dominant at most grid lines. This fact
guarantees the numerical solution of the system. In fact, for most grid points off the
aerofoil surface, y, =0, y,~1 and § can be chosen equal to or greater than unity, then

|B]— (1A +|Cl)=4B1B,1 —2|By |2 2|y, | [2(1 + y2) — |y Yy [120. (55)

This inequality is easily satisfied for most points. Only for points close to the aerofoil or
shock wave may the inequality be violated. We should pay particular attention to those
situations.

The marching process can only be carried out from the horizontal far-field boundary
instead of the vertical far-field boundary or aerofoil surface, because R is easy to specify at
infinity and, more importantly, the horizontal boundary is not a characteristic curve, while
the left and right far-field boundaries are such curves.

Relax

R=1

March

R=1 Ral

j+1
2 2 2 j
Yy Ry = Yy (1ey )Ry = (oG y Jed

s NP4, Y
5

V777777774

Figure 2. Crank-Nicolson scheme and boundary conditions for R-equation
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(iii) The right-hand-side term in equation (53a) includes y,., which must be type-dependent
differenced with SPOs (explained in the next subsection) to keep consistent with the case in
the y-equation. However, for R, and y,, whether type-dependent differencing with SPOs is
needed or not can be determined only after the numerical tests. A number of alternative
schemes have been tested, including explicit, implicit, first-order and second-order type-
dependent with and without SPOs, etc. It was found that the Crank-Nicolson scheme is
the optimal one.

After R has been solved, the squared Mach number is calculated from (32) and the pressure
coefficient is calculated from

=L (RMorv_), (56)

C
yMg

3.3. Shock wave treatment

After some numerical tests it was found that the type-dependent scheme is effective to achieve
good solutions for the subcritical case of transonic flows and for the supercritical case with very
weak shock waves. However, for a supercritical transonic flow with moderate or strong shock
wave the iterative procedure either fails to converge or is forced to be stopped owing to inaccurate
intermediate values of the unknowns y and R.

In the early work of Murman and Cole' the shock jump conditions are automatically
contained in their TSD formulation in the integral form. The sonic line and shock waves evolve
naturally during the course of iteration. The shock is captured as part of the continuous solution
and is smeared out over several grid points. Thus no special shock wave treatment is needed for
their computation. Murman, in his later paper,® proposed the concept of shock point operator
(SPO) for the TSD equations, but his SPO cannot be applied directly here. However, his analysis
of the shock structure provides a useful hint for modification of the FP-equivalent equations.
Next let us analyse our shock jump conditions, propose an SPO and apply it to solve the problem
of supercritical FP transonic flow.

Shock jump conditions. Suppose an oblique shock with velocity ¥ makes an angle § with the
x-axis, u and v are Cartesian components of V, V, and V| are normal and tangential components
of V and « is the angle of ¥ with the x-axis. Superscripts ‘—’ and ‘+’ represent upstream and
downstream of the shock. Then (Figure 3) the tangential shock wave relation V,” = V,* gives

(" —v7)sinB+(u*t—u")cos f=0

or

v —cotﬂ=—(dx>. (57)

ut—u- dy
The normal shock wave relation p~ V,; =p* V! gives
(ptu™—p u)sinf—(p*v* —p v )cos f=0
or
+o+ -, -
pTut—pTu dx
= —cotf=|-"=], 58
prvT—pTv” cotf <d ) G8)

where (dx/dy),=cot f is the slope of the shock wave. Equations (57) and (58) can be expressed in
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u =V cosa" y

v =V sind

+ +
ut=vtcosd
+ + .
v =V slno(*

Figure 3. Shock jump conditions

the compact form

d d
[v]+(d—;)s[u1=o, [pu]—(d—;)s[pv]=0,

where [ *] represents the jump across the shock. Considering puy,=1 and v=y,u, we get the

oblique shock jump conditions
5+ (@)
+|{—)|— [=0 59a
[pyJ (dy sLPyy (%)

D _fdx) % |
l:)’w] (dy>s [Yw] 0 (398}

For a normal shock, i.e. a shock whose plane is perpendicular to the x-axis, (dx/dy),=0. The
shock jump conditions are then reduced to

T 1
o [
PYy | Yu

Finally, we get the normal shock jump conditions of the simplest form

[y; =0, [ys1=0. (60)

Shock point operator (SPO). The shock wave appearing in many transonic flow regions is
approximately normal and we assume that it is an infinitely thin discontinuous surface located at
point (i —4, j) and perpendicular to the x-axis. From the previous paragraph, only y./p and y, are
continuous across this discontinuity, but y., yyx, Juy, P> R, M?, etc. are not (see Figure 4). The
normal shock jump conditions (60) are

_ -p

The Rankine-Hugoniot relation for a normal shock is

p*_ [r+1/21(M?)”
P~ 1+I[6—-D21M*) €2




TRANSONIC FULL-POTENTIAL-EQUIVALENT EQUATIONS 939

shock
i-1/2
-+ .
; i-3/2 nA ie1/2
L} ) -
i=-2 i-1 i i+l X
- +
Ye || ¥x
o [w
[
R [ R*
Ca M ICa M

Figure 4. Shock point operator

The squared Mach number at (i—%, j)~ can be evaluated by extrapolation from the two upstream
points as

Mi2—1/2,j=%Miz—l,j_%Miz—Z,j‘ (63)
Thus the shock jump conditions (61) can be rewritten as
Yi =Yu, yi=o;ys, (64)
where
+ 2 . _MZ2, .
. (p__ ) _ L+ BME L =M 2, 64
p~); 1+[(y—=1)/41CGM{_-, ;—M;i_; )

is the density jump factor on the jth streamline. Furthermore, we can construct a difference
scheme for y, at a shock point i=i,, i.e. the grid point just behind the shock:

V)i j =30 )ir 12, i + ()i 12, ]
=1[(y)iv 12,5 +o(¥)iz 12, 5]

1
=2A—x()’i+1,j'—)’i,j+°fj)’i—1,j_ajyz'—z,j), (65)

where second-order difference formulae

1 _ 1
(ye)i+ 1/2,j=E(yi+1,j—yi,j) and (yx)i—1/2,j=‘A';(Yi—1,j—,Vi—z,j)

have been used. Similarly, for i=i,,
1
(Vex)i,j= Ax2 Divr1,i—= Vi j—%Yi-1,;+%Yi-2,j), (66)

1
(J’xw)i‘j=m(}’i+1,,‘+1 —Vist,jm1 Vi jer Vi j—1 —3Vi-1,j+1+3Vic1j-1

+Yie2, 41— Vic2,j-1)- (67
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Equations (65)—(67) define so-called shock point operators in von Mises co-ordinates. Owing to
the special treatment of the grid point at a shock wave, we have to revise the type-dependent
scheme (51) for the y-equation and (54) for the R-equation.

Type-dependent scheme with SPOs. Based on the SPOs derived above, the system of difference
equations corresponding to the ‘main’ equation (49a) for y is still of the same form as (Sla), ie.

Ay j-1+ By j+Cyi jo 1 =RHS, (68a)
but the coefficients and right-hand-side term are revised as

1—v)/2 if i#i,,

A=p24y— {(1 i }BAZ {f e (68b)
i if i=i,,

|- e

B=—2p24,+{ g (I (68¢)
—1 if i=i,,
1— if i

C=p4;+ {(1 K 2} BA, {f L (68d)
3 if i=i,,

( VA Vivr,j+Yi-1, )+ A=A Qyio1,j=Yi-2,5)

v
__:BAZ(yi+1,j+1 —Yi+1,j-1—Yi-1,j+1 +J’i—1,1‘—1)
4

1—v e s s
+TBA2(yi—l.j+1_yi—l,j—1) if i#is,

RHS = < (68¢)
— Ay (Yit1, i —%Yi-1,; T %Yi-2,5)

1
-4 BAz(y.'H.jn —Yi+1,j-1 —3yi_1,j+1

L +3yicy, o1 FVicaje1 = Viez,j-1) M i=ig.

For the ‘secondary’ equation (53a) the corresponding difference equation, its coefficients and its
RHS term take the same form as in equations (54a)—(54h), but the second derivative y,, in
equation (54h) should be approximated by a type-dependent difference scheme with shock point
operator

v 1—-v e s
m(yi+1,j_2yi.j +yi-1,)t 'A?(yi,j_zyi—l,j+yi—2,j) if i#i,,
(y::x)ij= 1 (69)
Z?(.Vi+1,j_yi,j_ajyi—l,j+“jyi—2.j) if i=i,,

where the switch parameter v is defined in equation (50b) and the density jump factor a; is given
by equation (64b).

Criterion of classifying points. In order to determine the local flow type at grid point (i, j), we
have to check the flow property at two adjacent points, namely the current point (i, j) and the
upstream point (i— 1, j). The criteria are shown in Table I. In computational practice the sonic
point doe$ not need to be distinguished because there is no jump across it, but the shock point
must be identified carefully, and this is a key step to get a convergent solution.
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Table 1
MLy, ME; Local flow type at (i, j)
<1 <1 Subsonic point
<1 >1 Sonic point
>1 >1 Supersonic point
>1 <1 Shock point

4. CLUSTERING TRANSFORMATION

In order to improve the accuracy by increasing the number of grid points on the surface of the
aerofoil without consuming too much computer time, some kind of clustering (stretching)
transformation can be applied to pack mesh points for larger-gradient regions and spread out
mesh points for smaller-gradient regions.

Jones’ algebraic stretching transformation® is a simple and effective one:

x=ae ?tan¢, (70a)
Y=d tann. (70b)
A new variable Y can be introduced by
y=Y+. (71)
Substituting (70) and (71) into (28), we get
Al }E€+A2),§,,+A3KM+A4)I§+A5K,=O, (72a)
where
2_ g > 2 Mo% 2
A =(Y,+¢,) - K, K=K¢,,=Ttp,,, (72b)
A= —2%(Y+ ), (720)
Ay=Yi4x, (72d)
Ag=—%4, (72¢)
Xg
As=— Y A, (72)
Yy

and the squared Mach number is

22 Y242
M2=_M°° ﬁ%_éﬂ_% (73)
R x€ (Y:,”"ll/,,)

The normal shock jump conditions (60) become

Ye |- LIS
F N

Because x, and y, are continuous everywhere, the shock jump conditions have the same form as
(60), i.e.

[3}0, [%]=0. (14)
p
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Similarly, we get SPOs for clustered co-ordinates:

Y,;'.:Y,’_, Yg-=an§_,

(ﬂ) __Lo+1)/4a6MEL, ,-ML, )
i 1+l —D/A1GME, ;—ME, )

where

a;j= p_

is the density jump factor on the jth streamline and

(Yé)i,j=m(y;+l,j_Yi,j+ani—1,j_ani—2.j)’
1
(Yé.f)i,j=K?(Yi+l,j_Y;,j_ani—l,j'*'ani—Z,j)a
1
(YC'I)i.j=4A—éA’7(Yi+1,j+l_Yi+1,j—1 +Y 1= Y o1 —3Y 4

+3Y- -1+ Yoo o1 — Yoo i)

(75a)

(75b)

(76a)

(76b)

(76¢)

Using the type-dependent scheme with SPOs on equation (72a), we get the following system of

difference equations with tridiagonal coefficient matrix:

AY;,j—1+BYi,j+C)Ii,j+1=RHS, i=253,-"slmax—l’ J=2’39-~-’Jmax—15

where (12 oy
—v if is#i,
A=B2A3 “%ﬂAfAs— {l }ﬁAz { ..
1 if i=i,,
1-3 1— if i#i
B=—2p2ay+ 1 4 T e, QTR
-1 —% if i=iy,

c=prayeipaza{{ T pa L2

if i=i,,

(_VAI(Yi+1,j+Yi—l,j)+(1—v)A1(2Yi—l,j_Yi—z,j)

v
~ZBA2(K+1.1'+1_‘Yi+1,j—1'—Yi—l,j+1+Yi—1,j—1)

1—vy
+—2_ﬂA2(Yi—1,j+1—Yi-1,j—1)

v e .
_§A€A4(Yi+1,j_ i—1, ) t(1=vALAL Y,y ; if i#i,,

RHS = <
—A(Yigy ;oY 4o, 5)

_%BAZ(Y;-#-I.j-l-l— iv1,j-1—3Yi-1,j+1+3Y_ 1

+Y2 41— Yie2, ;1)

L _%A6A4(Yi+1.j+ani—1,j—ani—2,j) if i=i,,
B=A¢/An.

(17a)

(77b)

(77¢)

(77d)

(77e)
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The boundary conditions are Dirichlet-type:

{f(fi) if iLp<i<irE, (771)

Y1= op s . . .
8 0 if i<ig or i>irg,

Y ;=0 if j=Jpu 00 i=10r i=1Ip,.

Applying Jones’ transformation to equation (29), we get

B,R,+B,R,=B;, (78a)
where
B, = Y:(Y, + )%, (78b)
By= —(Y,+y,) (Y2 +x}), (78¢c)
By=(y+1)M2y? (m—’;—f Y¢>. (784)

The Crank-Nicolson scheme for equation (78a) produces the same form of difference equation,
its coefficients and its RHS term as in equations (54a)—(54¢), but the B’s take a different form, i.e.

By =3 {[ Y(Y,+,)" )i + [ Xe (Y 9)? i o1 3 (79a)
By=—3{[Y,+¥) (Y2 +xD)]i j + [+ ¥) (Y2 +x8)]i j+1 ) (79b)

1 X
o ()] (=] L o
2 xg ij X¢ i+t

and the ¢-derivatives Y; and Y, in equation (79c) should be approximated by a type-dependent
difference scheme with SPOs

v 1—v o s
s Wi, j— Yoy )= (Y ;= Y-y ) il i#i,
2A¢& A¢
(Ye)i, ;= ) (80a)
m(x'+l,j_YE,j+ani—1,j_ani—2.j) if i=ig,
\J 1—v e .
A—éz(Yi+1.j—2Yi,j+Y;—l,j)'*'A—éz‘(K,j_zY}—l,j*’X—z,j) if i#ig,
(Yee)i = (80b)
' 1
A—éE(Yi+1.j_Yi,j_an;—l,j"*'ani—z,j) if i=i.

5. RESULTS AND DISCUSSION

The method developed here is used to calculate the transonic flows past symmetric aerofoils at
zero angle of attack. Both subcritical and supercritical Mach numbers are considered. For
unstretched co-ordinates (x, ) a 65 x 33 uniform mesh covers the domain —2<x<3,0<y <25
and the aerofoil is located between 0 and 1 with 13 grid points on the surface. For stretched
co-ordinates (&, ) a 65x 33 uniform grid covers the computational domain —1-54< £<1-54,
0<n <154, corresponding to —704<x<704, 0<y <19-47. The aerofoil is located between
—0-5 and 0-5 and has 25 grid points on it (see Figure 5).

Most of the computations have been carried out on the y-R set of equations (28) and (29) for
(x, ¥) co-ordinates and on the Y-R set of equations (72) and (78) for (£, n) co-ordinates. Other sets
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of equations were only used for comparison with the y-R set. The relaxation parameters were
taken as w=1-7-1-8 for the subcritical case and w=0-8-0-9 for the supercritical case.

Figure 6 shows the comparison of the calculated C,-distribution of a 6% biconvex aerofoil at
M, =0-909 with experimental data.?” The type-dependent difference scheme with SPO is used for
the y-equation. We can see that the shock wave is very weak and accurately captured by the

present scheme.

Figures 7-9 are comparisons of calculated NACA0012 C,-distributions in (x, ) co-ordinates
with experimental data at NAE2® for M, =0-490 and at ONERA?® for M, =0-756 and 0-803. In

10.00 15.00 20.00

5.00

-8.00

-6.00

-4.00 -2.00 LE 0.00TE 2.00 4.00 6.00 8.00
X

Figure 5. Grid system in (x,y) co-ordinates after Jones’ stretching transformation;, x=ge b tang, Yy=dtann,
Z154<E< 154, 0<n<1-54, a=09, b=06, d=06, —T04<x <704, 0SY <1947, x = —0'5, x7p =0'5

o
©
y

(=4
o
o‘—q
d
o
w
? T T T 1
0.00 0.25 0-50 0.75 1.00
X

Figure 6. Comparison of pressure coefficient distribution with experimental data, 6% biconvex, M, =0909, y-R set:

—A— present; —O——, experimental data at NASA?7
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.00 0.25 0.50 0.75 1.00

-0,450

Figure 7. Comparison of pressure coefficient distribution with experimental data, NACA0012, M, =0490, y—R set:
——A——, present; —O——, experimental data at NAE?®

.00

0

.00 0.25 01450 0.75 1.00

-0,50

Figure 8. Comparison of pressure coefficient distribution with experimental data, NACA0012, M, =0756, y-R set:
A , present; —-O——, experimental data at ONERA28®

order to show the improvement in accuracy using stretched co-ordinates, Figures 10 and 11 are
comparisons of calculated C,-distributions of NACA0012 with ONERA?8 for M, =0-803 and
NAE?® for M,,=0-817. From these plots we can see that for both subcritical and supercritical
cases the present approach gives good agreement with available experiments. For supercritical
flow the shock wave location and strength are well predicted, but the shock is smeared out over
two or three grid points sometimes and slight oscillation occurs after the shock wave.

Figure 12 shows the effect of the shock point operator in the y-equation on shock wave
capturing for NACA0012 at M, =0803. Obviously, the type-dependent (TD) scheme with no
SPO cannot correctly capture the shock wave and the C,-distribution is incorrect, while the TD
scheme with SPO is able to do so. Hence the SPO is a crucial tool to capture shock waves
automatically.
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Figure 9. Comparison of pressure coefficient distribution with experimental data, NACA0012, M, =0-803, y-R set:
——A———, present, uniform grid; —O——, experimental data at ONERA?®

-0950

Figure 10. Comparison of pressure coefficient distribution with experimental data, NACA0012, M, =0-803, Y-R set:
——A ——, present, clustered grid; —O&———, experimental data at ONERA?®

Figures 13-16 show the C,-distributions for NACA0012 using various sets of equations: y-R
with R, given by (37), y-R with L(y)=0 and L(R)=G, y-M? and y-u—p. It was found that all the
sets are capable of producing good results for subcritical flows. However, some difficulties are
encountered in the computation for supercritical flows. Therefore the y—R set of equations (28)
and (29) are recommended as an optimal set.

Figure 17 illustrates the convergence history of the R-equation. The horizontal axis gives the
total number of iterations for y and the vertical axis is the logarithm of the error of R between two
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Figure 11. Comparison of pressure coefficient distribution with experimental data, NACAQ012, M, =0-817, Y-R set:
—— A, present, clustered grid; —O——, experimental data at NAE28

T 1

0.00 0.25 0.50 0.75 1. 00
X

Figure 12. Effect of shock point operator (SPO) for y, , yxy on shock strength and location, NACA0012, M, =0-803, y-R
set: A , present; O——, experimental data at ONERA;?>® —o—— present without SPO

successive global iterations. For subcritical Mach number the convergence rate is fast and the
maximum error decreases steeply, but for supercritical flow the convergence rate is much slower
and the maximum error decreases slowly with violent oscillation.

Figure 18 indicates the effect of artificial density methods on the capturing of shock waves.
Central differencing is used for both the y- and R-equations and a conventional artificial density
R=R—uR,Ax is added. The result shows that the C,-distribution is totally incorrect and the



-04,50

- 00 0.25 0.50 9[75 1.00

Figure 13. Comparison of pressure coefficient distribution with experimental data, NACA0012, M,, =0-502, y-R set, R,
given by (37) —A——, present; —S——, experimental data at ONERA?2®
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Figure 14. Comparison of pressure coefficient distribution with experimental data, NACA0012, M, =0-490, y-R set,
L(y)=0, L(R)=G: —A——, present; —O——, experimental data at NAE?2#
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Figure 15. Comparison of pressure coefficient distribution with experimental data, NACA0012, M, =0-693, y-M? set,
(M?), given by (42): —A——, present; —O——, experimental data at NAE?®
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Figure 16. Comparison of pressure coefficient distribution with experimental data, NACA0012, M, =0-693, y-u—p set:
— A, present; —O——, experimental data at NAE?®

40.00 50.00

0.00 10.00 20.00 30.00 ‘
ITERATION NUMBER 10

Figure 17. Convergence history for NACA0012: —¢o——, M,, =0-703; —&—, M, =0-803; —&A——, M, =0835

shock wave is not captured. Hence it seems that the widely used artificial density technique in
velocity potential computation is not easily extendable for our formulation.

Figure 19 is the comparison of the C,-distribution for NACA0012 at M, =0-803 for two
difference schemes using the R-equation (29). One of them is the Crank—Nicolson scheme with
TD and SPO for the y,,-term in the R-equation. The other is TD with SPO for all y,,-, y«- and
R, -terms in the R-equation. It is clear that in the latter case the shock wave position and strength
are highly oscillatory, while the former scheme gives accurate shock position and strength and
less oscillation. Hence the first scheme is recommended.
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Figure 18. Inability of artificial density method to capture shock waves, NACA0012, M, =0-803, y-R-R set:
—&A——, artificial density method with central differencing; —G——, experimental data at ONERA28

Figure 19. Effect of type-dependent (TD) differencing with shock point operator (SPO) for y,, R,, NACA0012,
M, =0803, y-R set: —A——, present; —O-——, experimental data at ONERA;2® —o—— present with y,, R,,
TD +SPO



TRANSONIC FULL-POTENTIAL-EQUIVALENT EQUATIONS 951

6. CONCLUDING REMARKS

1. The newly developed approach based on the full-potential-equivalent equations in von
Mises co-ordinates, type-dependent scheme with shock point operator and successive line
overrelation procedure is able to obtain accurate numerical solutions for both subcritical
and supercritical transonic flows.

2. Embedded shock waves in supercritical flows can be captured automatically in the process
of iteration and are smeared out over two or three grid points.

3. The full-potential-equivalent equations consist of a ‘main’ equation for the corresponding
‘main’ variable, which is the streamline ordinate y, and a ‘secondary’ equation for one of the
following ‘secondary’ variables: density p, generalized density R, squared Mach number M2,
x-velocity component u, etc.

4. The type-dependent difference scheme with shock point operator (SPO) is effective to solve
the ‘main’ equation for y and the SPO is crucial to capture shock waves, especially for
moderate or strong ones.

5. Among various ‘secondary’ variables, their equations and a number of difference schemes,
the generalized density R, its linear equation (29) and the Crank—Nicolson scheme are
selected as an optimal combination to accompany the ‘main’ variable y and its equation.

6. The method developed here accurately captures shock waves in supercritical transonic flow
without employing artificial dissipation schemes. This is advantageous, since the use of
artificial density or viscosity requires a certain amount of tuning of the code, i.e. a number of
parameters must be adjusted to achieve converged solutions. The present method, in which
the only adjustable quantities are the relaxation parameters, is very robust and relatively
easier to use.
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